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Propositional Logic :

Propositions

Logical Connectives

Truth tables

Tautologies and Contradictions

Contra positive

Logical Equivalences and Implications
Rules of Inference :

Validity of arguments



Propositional Logic is the logic of compound
statements built from simpler statements using so-

called Boolean connectives.
Some applications in computer science:
« Design of digital electronic circuits.
« Expressing conditions in programes.

* Queries to databases & search engines.



A proposition is a statement that is either
true (T) or false (F).

A proposition (statement) may be denoted
by a variable like P, Q, R,..., called a
proposition (statement) variable.



Propositions

O




A truth table displays the relationships between the
truth values of propositions.

Truth tables are especially valuable in the
determination of the truth values of propositions
constructed from simpler propositions.



Logical Operators (Connectives)

Conjunction
2 OR v Disjunction
3 NOT — Negation
4 XOR b Exclusive-OR
5 If....then — Conditional
or
implication
6 If and only if (iff) & Biconditional




» Conjunction
Let p and g be propositions.
The proposition “p and q”,
denoted by p A g, is the
proposition that is true when
both p and g are true and is
false otherwise.
The proposition p A g is called

the conjunction of p and q.







*Disjunction

The proposition “p or g7,

denoted by p V g, is the T
proposition that is false when p £ T
and g are both false and true

otherwise. The proposition p Vv F T T
g is called the disjunction of p F F F

and q.




O

Negation of a Proposition

Let p be a proposition. The
statement

“It is not the case that p” T F

is another proposition, called the
negation of p. The negation of p is F T
denoted by -p and read “not p”.

Example

P : “Itisasunnyday.”

-p: “Itis not the case that it is a sunny day.”, or ~ simply “It is not a sunny day.”




+Exclusive Or

Let p and g be propositions. n-

The exclusive or of p and

—
T
—

g, denoted by true when

—
—

exactly one of p and ¢ is true F

and is false otherwise.

T
T
T




Construct a truth table for P v =Q




Conditional Propositions

Implication

" P—4q
Let p and g be propositions.

The implication p — q

is the proposition that is false
when p is true and q is false and

true otherwise.

po R v I

T = T
—~ = T

» In this implication, p is called
the hypothesis and q is called the

conclusion.







*» Biconditional

Let p and g be propositions.

: " : T T T
The biconditional p < q is the
proposition that is true when p T B B
and g have the same truth
values and is false otherwise. F T F
o In this biconditional, p is
F F T

necessary and sufficient for g,

or p if and only if g.




Converse:

If P—Q isan implication then Q—P is called
the converse of P—Q

Contra positive :

If P—Qis an implication then the implication
- Q— = P is called it’s contra positive.

Inverse:

If P—Q is a an implicationthen - P — - Q is
called its inverse.



Example 6:

Let P: You are good in Mathematics.
Q: You are good in Logic.
Then, P—Q : If you are good in Mathematics then you are good in Logic.

1) Converse: (Q—P)
If you are good in Logic then you are good in Mathematics.

2) Contra positive: = Q— - P
If you are not good in Logic then you are not good in Mathematics.

3) Inverse: (- P— - Q)
If you are not good in Mathematics then you are not good in Logic.



A compound proposition that is always true, no
matter what the truth values of the propositions that
occur in it, is called a tautology.

A compound proposition that is always false is
called a contradiction.

A proposition that is neither a tautology nor a
contradiction is called a contingency.



O

» Truth table of examples of a tautology and a
contradiction

-
T F T F

F T T F




Logically Equivalent
The propositions p and q are called logically

equivalent if p < g is a tautology.

The notation p & g denotes that p and g are

logically equivalent.



O

» The following truth table shows that the
compound propositions logically equivalent.

R N
T T T F F F F

T F T F F T F
F T T F T F F
F F F T T T T
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» Complete the following truth table to show that
-p V g and p — q are logically equivalent.

I N I D
T T

T F
F T
F F




) SN B o A D
LOglCdl LQuUIvValclliCes
pANT<p
~pVFep Identity laws
pVTST
pANFSF Domination laws
PANPp
pV peSp Idempotent laws
—(-p)ep Double negative law
pVqgsqVp ,
pPAGSgAp Commutative laws
pVql]Vr<pVigV -
PAg)ANreS pA(gA Associative laws
pV qAr qu/\ e
pAN(gVr pANg)V Distributive laws
“(pANg)< p V g
-(pVg)eS pA-g De Morgan’s laws
p=q<pVyg
Double Negative 2 (mp)e=p
Absorption pv(ipAqQ E=>p

l pA(pVQ =D I



O




1 P>Q=-PvQ

2 P->Q=—-Q——P
3 PvQ=-P—>Q
E PAQ=—-(P—-Q)
> ~(P>Q)=PA-Q
6 (P>Q)A(P—r)=P—(QAr)
7 (P=r)Aa(Q—-r)=(PvQ) —r Pv-Q
8 (P>Q)v(P—>r)=P—-(Qvr)
9 (P->r)v(Q—r)=(PAQ)r
10 P Q=(P-Q)A(Q—P)
11 P& Q=—P—=Q
12 P<Q=(PAQ)v(=PA=Q)
13 (P&Q)=Po-Q




A compound statement obtained from statement letters
by using one or more connectives is called a statement
pattern or statement form.

Thus, if P, Q, R, ...are the statements (which can be
treated as variables) then any statement involving these
statements and the logical connectives -, A,v,—,<>1s a
statement form or a well ordered formula or statement
pattern.

Any statement involving propositional variable and logical
connectives is a well formed formula



Rule P: A premise may be introduced at any point in
the derivation

Rule T : A formula S may be introduced in the
derivation if S is tautologically implied by any one or
more of the preceding formulas in the derivation.



Table 1-4.3 EQUIVALENCES

1 I1P & P

PAQeQAP
PVQeQVP
(PAQARPA QA R)
(PVQ VR=PV(QVR)

PAQVR)=(PAQ V(®PAKE)
PVQAR «®PVQA (PVRE)

HPA Q) & 1PV TIQ
TP VQ e T1PA T1Q
PVPeP

PAP&P

RVPAN "\P)=R

RN PV  1P)eR
RVPV 1P)=T

RA (PA "\P)&F
P-Qe 1PVQ

NP —-Q) <PA T1Q
P—-Qe 1Q— 1P
P-Q—-R)«(PAQ —R
P =Q «P="1Q
Pz2QeP-QANA @Q@—P)

P=2QePAQVIIPA Q)

(double negation)

(commutative laws)
(associative laws)
(distributive laws)

(De Morgan’s laws)




Table 1-4.2 IMPLICATIONS

ﬁ f;j\\ gzz (simplification)
I P=PVQ

I, Q=P VQ
Is IP=P — Q
Ie Q=P —-Q

I (P — Q) =P
Is TP —-Q) =1
I P,Q=PA Q

(addition)

I P, P VQ=Q (disjunctive syllogism)
In P,P —Q=Q (modus ponens)

I 1Q,P—-Q="1P (modus tollens)

Iys P—-QQ—-R=P—R (hypothetical syllogism)

I PVQ;P—'PR,QT"'R=R (dilemma)




Demonstratethat R 1s a valid inference from the
premises P—Q,Q—R and P

O
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Propositional Logic :

Propositions

Logical Connectives

Truth tables

Tautologies and Contradictions

Contra positive

Logical Equivalences and Implications
Rules of Inference :

Validity of arguments



Propositional Logic is the logic of compound
statements built from simpler statements using so-

called Boolean connectives.
Some applications in computer science:
» Design of digital electronic circuits.
« Expressing conditions in programs.

 Queries to databases & search engines.



A proposition is a statement that is either
true (T) or false (F).

A proposition (statement) may be denoted
by a variable like P, Q, R,..., called a
proposition (statement) variable.



Examples

Propositions:
1. Iam aman.
2. I am taller than 170 cm.
3. You are studying in Baptist U.
4. 1+1=3.

Not propositions:
1. How areyou?
2.  Go to catch the dog.
3. Ilike this color.



A truth table displays the relationships between the
truth values of propositions.

Truth tables are especially valuable in the
determination of the truth values of propositions
constructed from simpler propositions.



Logical Operators (Connectives)

Conjunction

2 OR v Disjunction

3 NOT B Negation

4 XOR b Exclusive-OR

5 If....then - Conditional
or
implication

6 If and only if (iff) <> Biconditional




» Conjunction

Let p and g be propositions.
The proposition “p and q”,

denoted by p A g, is the

proposition that is true when T = =
both p and g are true and is

false otherwise. F T F

The proposition p A g is called

the conjunction of p and q.




» Translate into symbolic form of the
statement

Jack and Jill went up the hill

P : Jack went up the hill
Q: Jill went up the hill

Statement can be written as PrQ



*Disjunction

The proposition “p or q”,

denoted by p v q, is the T
oposition that is false when

propositi i \ p T = T

and g are both false and true

otherwise. The proposition p Vv F T T

g is called the disjunction of p E E E

and q.




O

Negation of a Proposition

Let p be a proposition. The
statement

“It is not the case that p” T F

is another proposition, called the
negation of p. The negation of p is = T
denoted by -p and read “not p”.

Example

P : “Itisasunnyday.”

-p : “Itis not the case that it is a sunny day.”, or ~ simply “It is not a sunny day.”




+Exclusive Or

Let p and g be propositions. -“

The exclusive or of p and

q, denoted by true when T F T

_|
_|

exactly one of p and ¢ is true F

and is false otherwise.

R
R
R




Construct a truth table for P v =Q

O

g

T T F
T F T T
F T F
F F T

—




Conditional Propositions

O

Implication

Let p and g be propositions. ““
The implication p — q T T T

is the proposition that is false T £ -
when p is true and q is false and

true otherwise. F T T

» In this implication, p is called F F T

the hypothesis and q is called the

conclusion.




Remarks:

Equivalent expressions of implication
1. ifp,theng
2.  pis sufficient for g
3. pimplies g
4. ponlyifqg
5. qisnecessary for p

Related Implications

1. g — p iscalled the converse of p — ¢
2. g — —p is called the contrapositive of p — g



» Biconditional
Let p and g be propositions.
The biconditional p < q is the
proposition that is true when p
and g have the same truth

values and is false otherwise.

o In this biconditional, p is

necessary and sufficient for g,

or p if and only if g.




Converse:

If P—Q isan implication then Q—P is called
the converse of P—Q

Contra positive :

If P—Qis an implication then the implication
- Q— = P is called it’s contra positive.

Inverse:

If P—Q is a an implicationthen - P — - Q is
called its inverse.



Example 6:

Let P: You are good in Mathematics.
Q: You are good in Logic.
Then, P—Q : If you are good in Mathematics then you are good in Logic.

1) Converse: (Q—P )
If you are good in Logic then you are good in Mathematics.

2) Contra positive: - Q— - P
If you are not good in Logic then you are not good in Mathematics.

3) Inverse: (- P— - Q)
If you are not good in Mathematics then you are not good in Logic.



A compound proposition that is always true, no
matter what the truth values of the propositions that
occur in it, is called a tautology.

A compound proposition that is always false is
called a contradiction.

A proposition that is neither a tautology nor a
contradiction is called a contingency.



O

» Truth table of examples of a tautology and a
contradiction

B R
T F T F

F T T F




Logically Equivalent

The propositions p and q are called logically

equivalent if p < @ is a tautology.

The notation p & g denotes that p and g are

logically equivalent.



O

» The following truth table shows that the
compound propositions logically equivalent.

EREREE IR
T T T F F F F

T F T F F T F
F T T F T F F
F F F T T T T




O

» Complete the following truth table to show that
-p V q and p — q are logically equivalent.

T T

T F
F T
F F




T ° 1 ° ] - -
rogical r.quivalerces

Equivalence NETE

PATS P

- pVFep |dentity laws
pvT T
PAFSF Domination laws
PAP<D
pvpep Idempotent laws
~(-p)ep Double negative law
pvqeqvp _
PAQES QAP Commutative laws

pvg)Vr & pvigvr o
Associative laws

PAQ)AT © PA(QAT
pV q/\r{@ pvq{/\&pvr{
=

pA(QVr PAQ)V(PAT Distributive laws
~(pAQ)e-pV-q

~(pVvg)e -p A-q De Morgan’s laws
p>qd<-pVvq

Double Negative ~(-p)e=>p
Absorption pV(pAQ &=p

l pA(PVQ <=p I




Let P & QQ be two statements.

The following table displays some useful
equivalences for implications involving conditional
and biconditional statements.



1 P>Q=—PvQ

.2 P>Q=-Q—>-P
3 PvQ=—-P—>Q
4 PAQ==(P—>=-Q)
2 ~(P->Q)=PA=Q
E (P=>Q)A(P—r)=P—>(Qnr)
7 (P>)A(Q-r)=(PvQ)>r  Pv—Q
8 (P>Q)v(P—>r)=P—(Qvr)
2 (P>r)v(Q-r)=(PAQ)r
10 PQ=(P>Q)A(Q—>P)
11 P&Q=-P&-Q
12 P& Q=(PAQ)v(-PA-Q)
= ~(PoQ)=Po-Q




A compound statement obtained from statement letters
by using one or more connectives is called a statement
pattern or statement form.

Thus, if P, Q, R, ...are the statements (which can be
treated as variables) then any statement involving these
statements and the logical connectives -, r,v,—,<>is a
statement form or a well ordered formula or statement
pattern.

Any statement involving propositional variable and logical
connectives is a well formed formula



Rule P: A premise may be introduced at any point in
the derivation

Rule T : A formula S may be introduced in the
derivation if S is tautologically implied by any one or
more of the preceding formulas in the derivation.



Table 1-4.3 EQUIVALENCES

E, TP P (double negation)
g: f,/\\/g : g /\\/IP; (commutative laws)

E, (PAQAR®PA QA R)

Es (PVQ VRPV(QVR)

Es PA QVR)=(PAQ V(PA R) s JHoAS

o PVOQAR < (PVQA PVR) (distributive laws)

E; PAQ & WPV

E, (P VR & TIPA T1Q

E, PVPesP

Eu P/\ PeP

Ehs RVPAN TI1P)eR

E;; RA (PV TI1P)&R

Ey RVEPV 1P)eT

E:s RA (PA "1P)&F

Ey P—-Qe TIPVQ

En (P—-Q)e=PA 1Q

Es P-Qe 1Q— 1P

Ew P-oQ—-RePAQ—R

E; (P=2Q) e&P="1Q

En P2QeoP—-QA@—P)

- Ex P=2Q<=PAQV((IPA T1Q .

(associative laws)

(De Morgan’s laws)




Table 1-4.2 IMPLICATIONS

I
Iis
I

1;?\ gzz (siplifiestion)
P=P VQ
Q=P VQ
1P=P — Q
Q=P —-Q
(P —Q) =P
(P —-Q) =1
P,Q=PA Q

P, P V Q=4

P,P— Q=X
1Q,P—-Q="1P
P—-QQ—>R=P—R
PVQP—R,Q—>R=R

(addition)

(disjunctive syllogism)
(modus ponens)
(modus tollens)
(hypothetical syllogism)
(dilemma)




Solution
1) P-Q
2) P
3) Q
4) Q—R
5 R

Rul
Rul
Rul
Rul
Rul

e P
e P
e T,(1)(2) and Modus Ponens
e P

e T,(3,4) and Modus Ponens
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