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Topics
⚫ Fuzzy Logic
⚫ Fuzzy Sets
⚫ Properties of fuzzy set
⚫ Operations on fuzzy set
⚫ Fuzzy Relations
⚫ Operations on fuzzy relations



Fuzzy Logic
⚫ Is an essential component of Soft Computing
⚫ Meaning of fuzzy -not clear ,noisy etc
⚫ Concept of fuzzy logic was conceived by Lotfi Zadeh
⚫ Fuzzy Logic is a multivalued  logic which allow 

intermediate values in between conventional 
true/false ,yes/no, black/white etc.

⚫ Boolean logic is a two-valued logic  deals with only 
true/false ,yes/no, black/white



⚫ Fuzzy logic is a problem solving methodology 
implemented in systems from simple ,small embedded 
microcontrollers to complex, large netwoked 
multichannel PC

⚫ Fuzzy logic can be implemented in hardware,software 
or a combination of both

⚫ FL is a way to arrive at a conclusion based upon vague, 
ambiguous, imprecise , noisy or missing information



History of Fuzzy Logic
⚫ Fuzzy set thory was introduced by Professor Lotfi 

Zadeh (USA) in 1965 as an extension of the classical set 
thory

⚫ 1972 First working group on fuzzy systems in Japan by 
Toshiro Terano

⚫ 1973  A paper on fuzzy algorithms by Zadeh (USA)
⚫ 1974 Steam engine control by Ebrahim Mamdani (UK)
⚫ Too many events, inventions and projects to mention 

till 1991
⚫ After 1991 fuzzy technology came out of scientific 

laboratories and became an industrial tool.
⚫ In the last two decades, the fuzzy sets theory has 

established itself as a new methodology for dealing 
with any sort of ambiguity and uncertainty. 



Fuzzy Sets
⚫ A classical set X is a collection of definite, distinguishable 

elements. Each  element can either belong to not belong to 
a set.

⚫ A crisp (classical) set is a set for which each value  is either 
included or not included in the set.

⚫ For a fuzzy set, every  element has a membership value, and 
so is a member to some extent.

⚫ The membership value defines the extent to which a 
variable is a member of a fuzzy set. 

⚫ The membership  value is from 0 (not at all a member of 
the set) to 1.



Fuzzy logic vs. Crisp logic
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Concept of fuzzy system
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⚫ Fuzzy system has many ingredients or elements

⚫ One or more fuzzy element 🡪 Fuzzy set

⚫ Many fuzzy sets+ fuzzy elements 🡪 Fuzzy rule

⚫ Set of fuzzy rules govern something 🡪Fuzzy inference
⚫  



Concept of fuzzy set
To understand the concept of fuzzy set it is better, if we first clear 
our  idea of crisp set.
X = The entire population of India.
H = All Hindu population = { h1, h2, h3, ... , hL }
M = All Muslim population = { m1, m2, m3, ... , mN }
C = All Christian population = { c1, c2, c3, ... , cN }

H
M

XUniverse of discourse  

Here, All are the sets of finite numbers of 

individuals.  Such a set is called  crisp set.
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Refreshing Crisp sets



Classical sets(Crisp sets)

A set is defined as a collection of objects, which share 
certain  characteristics.

A classical set is a collection of distinct objects.
Each individual entity in a set is called a member or an
element of the set.
Collection of elements in the universe(U) is called whole  
set.
Number of elements in U is called cardinal number.  
Collection of elements within a set are called subsets.  
Classical set is defined as the U is splitted in to two 
groups:

members and nonmembers.
No partial membership exists.



⚫ There are different ways for defining a  crisp or a 
classical set:





Operations on Classical Sets



Problems













Properties of Classical Sets





Properties contd..



Function Mapping of Classical Sets



    Fuzzy Sets









Crisp set Fuzzy Set

1. S = { s | s ∈   X }
1. F = (s, µ(s)) | s ∈   X and  µ(s)   

is the
 degree of s.

2. It is a collection of elements. 2. It is collection of ordered pairs. 

3. Inclusion of an element s ∈ X
 into S is  crisp, that is, has strict       
boundary yes or no.  

3. Inclusion of an elememt
s ∈ X into F is  fuzzy, that is, if 
present,  then with a degree of  
membership. 

Crisp Set vs Fuzzy Set



Universe or
universe of discourse

Fuzzy set Membership
function

(MF)

• A fuzzy set is totally characterized by a membership 
    function (MF).

• MF maps each element of X to a membership grade
 (or value) between 0 and one

Fuzzy set Representation
A fuzzy set can be expressed as a set of ordered pairs 



Alternate Notation
⚫ A fuzzy set A can be alternatively denoted as follows:

X is discrete

X is continuous

•Note that Σ and integral signs stand for the union of 
membership grades; “/” stands for a marker and does 
not imply division.

•Crisp Sets ≤ Fuzzy Sets or in other words, Crisp Sets are 
Special cases of Fuzzy Sets



Example of Fuzzy set Representation
⚫ A= { (x1,0.8), (x2, 0.3), (x3, 0.1), (x4, 0.9) }
⚫ Can be represented in another way as
⚫ A= 0.8/x1 + 0.3/x2 + 0.1/x3 + 0.9/x4



Example (Discrete Universe)

# courses a student may 
take in a semester.

appropriate 
# courses taken

Alternate Representation:



Basic Fuzzy Set Operations
⚫ Union
⚫ Intersection
⚫ Complement
⚫ Difference



Fuzzy Set Operations





❑ Difference



Problems



Example

Consider two fuzzy sets A and B. Find Complement, Union, Intersection

Solution...

Complement

Union
Maximum is used



42

…….Solution

intersection
Minimum is used





































More Operations on Fuzzy Sets

















Power of a fuzzy set Aα:

µA
α (x ) = {µA(x )}α

If α < 1, then it is called dilation
If α > 1, then it is called concentration



Power of a fuzzy set

The α power of a fuzzy set A is a new set A
α

 with the MF 

Example



Product of a two fuzzy sets

The product of two fuzzy sets A and B is a new set 
A.B whose MF is defined as

Example

Find A.B

Solution



Equality
Two fuzzy sets A and B are said to be equal A=B if

Example



Product of a fuzzy set with a number
Multiplying a fuzzy set A by a crisp number a results in a new fuzzy set a.A with 
the MF :

Example



Difference
Difference of two fuzzy sets A  and B is a new set A-B defined as:

Example

Find A-B

Solution





α– Cut or level cut
⚫ α – cut of a fuzzy set is the crisp set A that contains all 

the elements of the universe of discourse X whose 
membership grades in A  are greater than or equal to 
the specified value α  

⚫   ie µ ≥ α

⚫ Strong α – cut
⚫ Strong α – cut  is a crisp set  such that 

⚫µ   > α





Properties of Fuzzy Sets
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Some Definitions

⚫ Support
⚫ Core
⚫ Normality
⚫ Crossover points
⚫ Fuzzy singleton

▪ α-cut, strong α -cut
⚫ Convexity
⚫ Bandwidth
⚫ Symetricity





⚫ Support
⚫ The support S(A) of a fuzzy set A is the crisp set 

of all the elements of the universal set (UOD) for 
which membership function has non-zero value 

     S (A) = { u ∈ U/ μA( u ) > 0 }



α – cut (or α level) set
⚫ The set of elements that belong to the fuzzy set 

A at least to the degree α is called the α-level-set 
or α-cut-set

⚫ Strong α cut

An α-cut set is crisp or fuzzy?



Crossover point
⚫ The element of the universal set, for which the 

membership function has the value of 0.5, is 
called a crossover point.



⚫Core:
⚫ Is the set of all elements x   in X that belong to 

the fuzzy set  A such that μA(x)=1:



Normality
   A fuzzy set is normal  if its core is nonempty. In other 

words, we can always find a point x ε X such that 
μA(x)=1

Height of a fuzzy set
The height of a fuzzy set A, hgt(A) is given by a 
supremum of the membership function over all u∈U 

hgt(A) = supU μA( u ) 
(Supremum in this definition means the highest possible 
(or almost possible) degree.)



Fuzzy set operations ( Recap)



88

Properties of the fuzzy sets
⚫ The properties of the classical set also suits for the 

properties of the fuzzy sets. The important properties of 
fuzzy set includes:

⚫ Commutativity
⚫ A∪B= B∪A,  A∩B= B∩A
⚫ Associativity

A∪ (B∪C) = (A∪B) ∪C,   A∩ (B∩C) = (A∩B )∩C
⚫ Distributivity

A∪ (B∩C) = (A∪B) ∩ (A∪C),
A∩ (B∪C) = (A∩B) ∪ (A∩C).



Power of a fuzzy set Aα:

µA
α (x ) = {µA(x )}α

If α < 1, then it is called dilation
If α > 1, then it is called concentration



Properties of fuzzy sets (Recap)
Idempotence 
:

A ∪ A = 
A
A ∩ A = ∅  
A ∪ ∅ = 
A  A ∩ ∅ 
= ∅Transitivity :

If A ⊆ B, B ⊆ C then A ⊆ 
C

Involution :

(Ac )c  = A

De Morgan’s law :

(A ∩ B)c = Ac ∪ Bc

(A ∪ B)c = Ac ∩ Bc
Soft Computing Applications











Fuzzy Relations



⚫ The Cartesian product of two sets A and B, denoted 
    A × B, is the set of all possible ordered pairs where the 

elements of A are first and the elements of B are second. 
⚫ In set-builder notation, 

⚫ A × B = {(a, b) : a ∈ A and b ∈ B}.

Cartesian Product



Eg:



⚫ •The elements in two sets A and B are given as
⚫  A = {0, 1} and B = {a, b, c}.
⚫ Various Cartesian products of these two sets can be written 

as shown:•
⚫ A ×B = {(0, a), (0, b), (0, c), (1, a), (1, b), (1, c)}
⚫ B ×A = {(a, 0), (a, 1), (b, 0), (b, 1), (c, 0), (c, 1)}
⚫ A ×A = A2= {(0, 0), (0, 1), (1, 0), (1, 1)}
⚫ B ×B = B2= {(a, a), (a, b), (a, c), (b, a), (b, b), (b, c), (c, a), 
⚫ (c, b), (c, c)}
⚫ Note that A ×B≠ B×A i.e cartesian product is not 

commutative



Classical Relation/ Crisp Relation

⚫ A subset of the cartesian product A1 X A2 . ......X Ar
  is called an r-ary relation over A1,A2, . ......,Ar. 

The most common case is when r=2  the relation is 
subset of cartesian product A1 X A2.( binary relation)

This means a binary relation from A1 into A2.

If three, four, five sets are involved in the subset, then we 
call them ternary, quaternary and quinary relations. 



Classical Relations

An r ary relation over A
1
; A

2
; ::::; Ar is a subset of the  

Cartesian product A
1

 A
2

 :::: Ar .

r r ary relation
2 binary
3 ternary
4 quaternary
5 quinary





Different ways t to represent a relation

⚫ Matrix form
⚫ Coordinate Diagram
⚫ Mapping of the Relation



Matrix form



Coordinate diagram of the relation



Mapping of the relation



Cardinality of classical relation

When the cardinality of,
X  = nX and

Y = nY ;
then the cardinality of relation R between the two 

universe is,
nX  X  Y  = nX  X  nY

The cardinality of the power  set is given by,

nP(X X Y ) = 2(nX X  nY )



Operations on Classical Relations



Properties of crisp relations

•Commutativity 
• Associativity  
•Distributivity  
•Involution  
•Idempotency 
• Excluded middle laws 
• DeMorgan‘ s law



Composition of Classical Relations



Example



Illustration of relation R and S



The composition operations are of two types:

1. Max min composition

2. Max product composition



Max-min Composition



Max-product Composition





Properties of Composition Operation



Fuzzy Relations



Representation of Fuzzy Relations

⚫Fuzzy Matrix
⚫Simple Fuzzy Graph
⚫Bipartite Graph



Fuzzy Matrix





Fuzzy Relations Example



Fuzzy graph



Example



Fuzzy Graph



Bipartite Graph



Example



Bipartite Graph



Fuzzy Relations

A fuzzy relation R is a 2D MF:



Fuzzy Cartesian Product



Operation on Fuzzy Relations



Properties of Fuzzy Relations





FUZZY COMPOSITION



Fuzzy Compositions



Fuzzy Composition Techniques

⚫ Max-min Composition
⚫ Max-product Composition
⚫ Min-max Composition

















Properties of Fuzzy Composition



Problems















Real life Example-1







Real life Example-2







Tolerance and Equivalence Relations

⚫ Relations possesses various useful properties
⚫ Three characteristic properties are :

⚫ Reflexivity
⚫ Symmetry
⚫ Transitivity



⚫ A relation is said to be reflective if every vertex ( node) 
in the graph originates a single loop as  shown 



⚫ A relation is said to be symmetric if every edge pointing 
from vertex i to vertex j , there is an edge pointing in the 
opposite direction i.e. from vertex j to vertex i, where i,j 
=1,2,3…. Figure represents a symmetric relation



⚫ A relation is said to be transitive if for every pair of 
edges in the graph- one pointing from vertex i to vertex j 
and other pointing from vertex j to vertex k , there is an 
edge pointing from vertex i to vertex k





























Equivalence Relations (Recap)
Crisp Equivalence Relations





Crisp Tolerance Relation





Fuzzy Tolerance & Equivalence Relations



Problem




